Quark and lepton mixing angles with a dodeca-symmetry 
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The discrete symmetry D12 at the electroweak scale is used to fix the quark and lepton mixing 
angles. At the leading order, the Cabbibo angle Oc is 15°, and the PMNS matrix is of a bi- 
dodeca-mixing form giving the Solar-neutrino angle 8bo1 = 30°. Thus, there results the relation 
^soi + 9c — 45°. Out of discrete vacua, a certain vacuum is chosen for this assignment to be 
consistent with the dodeca-symmetry. A shift of 6c from 15° to 13.14° might arise from a small 
breaking of the dodeca-symmetry. The spontaneous breaking leading to the required electroweak 
vacuum is made possible by realizing the electroweak dodeca-symmetry explicitly at a high energy 
scale. At the vacuum we chose Arg.Det.Mq is nonzero, and hence a solution of the strong CP 
problem invites a very light axion at a high energy scale. We also comment how the next level 
corrections can fit the mixing angles to the observed values. An example realizing this idea needs a 
symmetry SU{3)c x SU{2)l x U{1)y x D12 x U(l)r x Z3 x Z2. 
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I. INTRODUCTION 

In the standard model (SM), the Yukawa couplings and 
the Higgs potential are not completely fixed yet. Nev- 
ertheless, it is a phenomenological virtue that these are 
general enough to allow the quark and lepton masses and 
their mixing angles at the observed values [l|. Here, 
the unitary matrices diagonalizing the quark and lep- 
ton masses introduce the Cabibbo-Kobayashi-Maskawa 
(CKM) matrix Vckm H and the Pontecorvo-Maki- 
Nakagawa-Sakata (PMNS) matrix Vrmns [111- When 
one tries to write the Yukawa couplings of the quark sec- 
tor, he introduces 2 x (3 x 3) complex Yukawa coupling 
constants (or 36 real couplings) from which there result 
ten observable parameters (six masses and four angles). 
Even allowing the unobservable phase degrees of free- 
dom of the quarks (twelve left and right handed quark 
phases minus the baryon phase), fifteen redundant pa- 
rameters are left with. Going beyond the simple data fit- 
ting in the SM, to have any predictive result(s) from the 
Yukawa coupling structure the number of coupling pa- 
rameters should be drastically reduced. Symmetries are 
used to reduce the number of couplings. The early at- 
tempt toward this direction has been suggested by Wein- 
berg such that the mixing angles are related to some 
ratios of quark masses [5| . Because of the numerical co- 
incidence of sin 9c — \/rnd/rns , this approach attracted 
a great deal of attention [y| and constituted the most 
fruitful Yukawa textures until recently. 

On the other hand, the mixing angles are not very 
close to zero, in particular for the case of the neutrino 
mixing angles. The f^ — Vr mixing angle 9^r, being close 
to 45° which is called bi-maximal, is not imagined to 
arise from some kind of a mass ratio. A naive guess 
to obtain this large mixing angle is from relating some 
Yukawa couplings to be identical. The simplest such idea 
is to employ a permutation symmetry 53 to have a bi- 
maximal form [7|. In fact, the permutation symmetry 



53 has been discussed as early as in 1970s [8|, |9|. Initi- 
ated by Harrison, Perkins and Scott [10[, the permuta- 
tion symmetry 5*4 and its subgroup ^4 allowing triplet 
representations have been extensively used to obtain tri- 
bimaximal PMNS matrix [ll[. This idea is generalized 
to consider more discrete symmetries for quark and lep- 
ton mixing angles J12l Il3l|. For the quark mixing angles, 
the knowledge on electroweak scale physics is enough. 
But for the neutrino masses, one needs more informa- 
tion beyond the SM spectrum. If one does not introduce 
any singlet neutrinos at the electroweak scale, the neu- 
trino masses appear as dimension five operators which 
need the information at a high energy scale. To have any 
predictive results, screening of the Dirac flavor structure 
have been used toward this end, for example in |14| - [la |. 
In this paper, we introduce the dodeca-symmetry D12 
to obtain the quark and lepton mixing angles. For 
the Dn symmetry, there already exists a nice paper by 
Blum, Hagedorn and Lindner (BHL), trying to obtain the 
Cabibbo angle of 9c — 13° [131. Here, we do not attempt 
to obtain the exact Cabibbo angle observed near 13°, but 
we try to obtain 9c = 15° from the D12 symmetry. The 
bi-dodeca form PMNS matrix we obtain here is 
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which looks as simple as the tri-bimaximal form. The 
shift of 9c from 15° to 13.14° may be achieved by terms 
breaking the D12 symmetry and/or its renormalization 
from a grand unification (GUT) scale down to the elec- 
troweak scale. 

The above developments can be summarized as follows. 
If quark mixing angles are small, the ideas for obtaining 
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mixing angles, for example 9ap of cos 0q,^ = \V^ 
be symbolically written as two functions / and g, 

mi Xb 



sin6'a/3 — /a/3 ( ^iAt^} 



(2) 



where 0i are the angles arising from discrete symmetries, 
{ 2ii } is a set of ratios of complex masses (whose magni- 
tudes, i.e. the Yukawa couplings, are defined to be less 
than 1), and {^} is a set of ratios of complex param- 
eters (whose magnitudes are defined to be not greater 
than 1) in the Higgs potential. Weinberg's calculation 
corresponds to fap = [sf , and Pakvasa and Sugawara's 
calculation includes fap with the assumption that the 
VEVs of Higgs fields obtain complex phases due to a 
finite range of coupling constants in the Higgs poten- 
tial 3- The BHL attempt corresponds to g^^ = and 
/a;9(6'j,{^}) = fapiOi). Our study of mixing angles in 
this paper follows the spirit of BHL. 

When one employs discrete symmetries for a 3 x 3 ma- 
trix, it is required that the three mass eigenvalues are 
different to fit to the three observed masses as the one 
we show below as x, w, z for D12 or three real numbers 
a,6 , c (the diagonal one plus two off-diagonal ones) of Rcf. 
[lOJ for the cyclic permutaions of S'3 . The anticipated fi- 
nite mixing angles from discrete symmetries must appear 
from the phases for the case of Zjv symmetries or from a 
similar unit one complex number such as the cube root 
of unity for the cyclic permutaions of S'3 . 

However, in explaining the mixing angles through the 
nontrivial phases of the Higgs VEVs, there exists an im- 
portant problem to be resolved. Usually, many Higgs 
fields are used in this kind of attempts, and hence the 
Higgs potential can be very complicated. Then, it is not 
clear whether the desired phase choices are allowed from 
the Higgs potential without fine-tuning of parameters. 
The BHL case seems to use a fine-tuning. Here, we at- 
tempt to resolve this problem by assigning several Higgs 
fields to different D12 representations, and in addition 
introducing more symmetries such as the Peccei-Quinn 
(PQ) symmetry and/or a Z2 symmetry. 

It is desirable that the needed discrete symmetry arises 
from an ultraviolet completion of the model. One may 
consider an ultraviolet completion of a global symmetry 
also. Along this line, some discrete symmetries and an 
approximate PQ symmetry have been considered in the 
Zq-ii [131: -^3 [3 and Z12-1 [20] orbifold compactifica- 
tions of the heterotic string. In this kind of ultraviolet 
completion, we need to know all the particles in the the- 
ory and their interactions to find out the approximate 
global and discrete symmetries. Even if we know all the 
particle content, a general study of discrete symmetries, 
which needs some identical strength of couplings from 
an ultraviolet completed theory, is limited because the 
coupling constants involve geometrical factors. On the 
other hand, for global symmetries a mere knowledge on 
the existence (but not the strength) of the terms is the 
requirement [20|. For example, the Yukawa coupling be- 
tween three fields each located at three different fixed 
points involve a geometrical factor e~''^ where A is the 
area made by the three points, and hence requiring iden- 
tical couplings is farfetched for considering fields located 
at numerous sets of three different fixed points. But if 
three fields appear at the same fixed point, then there 



certainly exists a discrete symmetry in their Yukawa cou- 
pling structure [2l| . At the string unification or the grand 
unification scale, which will be simply called the GUT 
scale, there appear numerous SM singlets. In this paper, 
we study the dodeca-symmetry at the field theory level 
assuming the existence of these numerous SM singlets at 
the GUT scale. 

In Sec. ini we present a dodeca-model for quark and 
lepton masses and mixing angles. We specify a vacuum, 
leading to 9c = 15°, O^oi = 30°, and 6*^^ = 45°. Here, we 
also comment on the flavor changing neutral couplings 
(FCNC) due to radial Higgs fields. In Sec. HIl we study 
a model for the spontaneous symmetry breaking of the 
dodeca-symmetry, leading to the vacuum of Sec. [Ill In 
Sec. IIV[ we calculate the next order generation of mix- 
ing angles to obtain the shift of 9c and generation of 
0§^^,8§^^, etc. Sec. |V]is a conclusion. In Appendix, 
we list several formulae of the D2N symmetry which are 
used in the text. 



II. MODEL 

Four key observations about the mixing angles are [l[ , 

1. The Cabibbo angle, determined by the (11) element 
of the CKM matrix, is 9c ^ 13.14°. 

2. The i^fi — Vr mixing is maximal, i.e. close to 0^r ~ 
45°. 

3. The (11) element of the PMNS matrix determined 
by the Solar and KamLand experiments |23j . for 
which 6*801 will be called 'Solar angle', is consistent 
with 6'soi = 30J;5'4 degrees. 

4. The (13) element of the PMNS matrix is almost 
zero, and the (13) element of the CKM matrix is 
very small |24| . 

A corollary of Items 1 and 3 is the famous observation 
on the Solar angle and the Cabibbo angle |15| 



Jso\ 



45°. 



(3) 



Observation of 2 and 3 has led to many discrete symmetry 
models on neutrino masses, typically riding on the band- 
wagon of the tri-bimaximal form |ll| . But tri-bimaximal 
form does not exactly lead to 6'soi = 30° but to a value 
35.3°, both of which are consistent with the data |23j . 

In this paper, we look for a discrete symmetry allowing 
the leading value to 6'soi = 30°. Assuming the leading 
values of 6'c 6'soi, and 9^^ as 15°, 30°, and 45°, respec- 
tively, 30° is a key angle, implying an integer 12 = ^^r- 
Since there also appears the half of 30°, in addition we 
consider Z2. Thus, we may consider Z\2 x ^2- This 
structure arises from the dihedral group D\2- Thus, we 
employ the dihedral symmetry £'12. 



A. Higgs representations 

The standard model (SM) fcrmions obtain Dirac 
masses, coupling to the Higgs doublets. At the high en- 
ergy scale, there can exist numerous Higgs singlets. Some 
Higgs doublets with specified quantum numbers can be 
composites of a Higgs doublet and singlet (s). 

The Higgs doublets giving mass to up type quarks are 
supplied with superscript m, the Higgs doublets giving 
mass to down type quarks are supplied with superscript 
d, and the Higgs doublets giving mass to leptons are sup- 
plied with superscript I. The Higgs doublets form the 
following doublets and singlets under D12, 
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where subscripts denote the kinds of D12 (five) doublet 
and (four) singlet representations discussed in Appendix. 
For _ff's to couple to leptons but not to quarks and for H^ 
to couple to quarks but not to leptons, we can introduce 
a leptonic Z3 discrete symmetry such that charged sin- 
glet leptons, lepton doublets and H^s carry Z^ quantum 
number 1 and all the other fields, except the singlet neu- 
trinos, carry Z3 quantum number 0. [The Z^ quantum 
number of singlet neutrinos will be commented in Subsec. 
IHC 21 ] Moreover, we need to prevent the possibility that 
_ff"s enter in the down quark terms and H'^s in the up 
quark terms. If supersymmetry is imposed, such a mix- 
ing is forbidden since -ff"s and H'^s have different U(l)y 
quantum numbers. However, we do not consider super- 
symmetry here, and it is possible that if"^s contribute 
to the d— quark sector. To avoid this possibility, we im- 
pose a U(l) PQ symmetry. The PQ symmetry also plays 
an important role in solving the strong CP problem and 
in forbidding the unwanted terms in the Higgs potential 
to make our vacuum phase choice reasonable. The PQ 
charge assignment and Higgs potential are discussed in 
Sec. IHII For example, suppose we impose PQ charge 

This prevents a combination 



-1 to both W^ and H^. 



Hq. If we are to explain Yukawa coupling in the 



-"0 

context of Froggatt- Nielsen scheme [22[, the PQ charge 

could be differently imposed from the ones we presented 
here. In this scenario, the Higgs doublets can be thought 
of as some products of fields of a doublet field and sin- 
glet fields carrying PQ charges. But, here we do not delve 
into this detail. 

Note that we have not introduced the following Higgs 
which mix the D12 doublet and singlet fermions: 



H^ 
H^ 



2i, 



Hi 



2i, 



Hi 
Hi 



:2i 



(7) 



Even though we write some couplings with the fields of 
([7]) below, we will eventually set those entries zero, either 
by not introducing the lowest order D12 representations 
as above or by assuming their vanishing VEVs. 

Since we assign a few Higgs doublets for the same 
charge fermions (up-type quarks, down-type quarks, and 
charged leptons), there exist the FCNCs from neutral 
Higgs fields [2g]. In the unitary gauge, the Higgs dou- 
blets are represented as 



H, 



Pi 



(8) 



where Ti are the SU(2) generators for the doublet, and 
Pj and Pj are the radial and phase fields of a complex 
Higgs field Hi: H° = {p^j, P°} and Hy = {pJ,Pf} with 
p+ — p-* 

There also appear numerous SM singlets at the GUT 
scale which can form D12 doublets and singlets. These 
SM singlets, denoted as S, S' and $ fields, are defined at 
the appropriate places where they are explicitly needed, 
for example in Subsubsec. Ill C 2l on the neutrino masses 
and Sec. IHII on the spontaneous symmetry breaking. 

In this Section, we will present appropriate vacuum 
expectation values (VEVs) of the Higgs fields consistent 
with the D12 symmetry. These VEVs are chosen such 
that successful mixing angles result. It is equivalent to 
choosing a specific vacuum out of degenerate vacua, and 
hence there appears the cosmological domain wall prob- 
lem in the standard Big Bang cosmology, which is as- 
sumed to be resolved by passing through an inflationary 
epoch. [Hi 



B. The quark sector 

We represent SU(2)v^' quark doublets as the upper case 
Q's and SU(2)i4' quark singlets as the lower case g's. 
Thus, the left-handed SM quarks are 



n = I ^ ] , u^ c^^ Q2 = f ! ) , c", s" 



0,3 = ( ;, 1 , <^ b- 



(9) 



Three SM quark doublets form a doublet and a singlet 
under D12, 



Oi 
O2 



M : 2i, O3 : l+^ 



(10) 



where subscripts denote the kinds of D12 representations 
out of five D12 doublets and four D12 singlets. Six SM 
quark singlets form two doublets and two singlets under 
D12, 



22, t' : 1. 



-+, [ gc , ■ 2i, b' : 1++ (11) 



where subscripts denote the kinds of D12 representations. 



1. The up quark Yukawa couplings 



allows its coupling, via Eq. ((87)) . to 



The tensor product oiQ'i{l^^) xf'{l^^) implies that 
it can couple to i^Q (1_|__|_), leading to the coupling, viz. 
Eq. dSZD, 

vXH^tLtR (12) 

where y" is the Yukawa coupling constant. 

On the other hand, since 2^ Higgs does not exist. 



Q3(l++) X 

cannot make D12 singlet, but 

Qi 



(22) 



(2i) X t^(l++) 



can couple to 



H^ 



m 



i (2i). 



So, we consider the coupling 

vUH^LtR + H^CLtR) 

where we used Eq. (|Ff| . Consideration of 



Q2 



I (2i) X 



(13) 



tlL (2i) and ^i,„ (23) 



-"2 / V -"2 



i.e. the following Yukawa coupling 

y4 (^r^LCi^ + H^'^clur) + y^iHpULUR + H'^'^clCr). 

(14) 

These couplings are summarized by the following up 
mass matrix 



y^if^'" y^^Hi'' y^H^ 

M(") = I yji/f 2/5"iJr 2/3^1" 

y^H^ 



(15) 



One can construct a desirable mixing matrix by taking 
the zero VEV of (H]", H^Y , which represents (2i - 1++) 
quark mixing if not vanished. 

One may also think of it as [Hi , if^)^ Higgs is forbid- 
den by some kinds of symmetry. That means, 1++ and 
2i quarks are completely separated. 

The FCNC problem 

Since we introduced more than one Higgs VEV to the 
up-type quark masses, in general there exists the FCNC 
problem among up- type quarks [26|. Using Eq. (|5]), the 
up-type quarks have the following cubic couplings. 



y^^^y^y^jH^g2,:e^,g2»(r3P)'-|-r+p-+r-p+)/y, ( Tf^^^^^^" ) 



UMUR ^ ^{uL.dL) El iS^'e'^ cosa/e 



Pi 

2i{r3P'!+T+ P- +T- P+)/Vi 



UPUR ^ ^{uL,dL)Y.i l\f ^'■''''cosaie 



2i(T3P'^+r + p-+T-p+)/Vi 



C(«)0 j \ 
^^)_^|j+h.C. 



f h.c. 
h.c. 



r 



(16) 



where the complexity of the Yukawa coupling is denoted 

as e^*"^^ and cos a/ ^\Vi\/V with V = ^/Y^iWi?- The 
phase fields P's do not contribute to the cubic Yukawa 
couplings since they are rotated away when we diagonal- 
ize the mass terms. The FCNC problem exist through the 
neutral p"^' couplings to uc + cu. The FCNC problem 
can be removed either by assuming almost degenerate 
radial Higgs fields or superheavy Higgs fields. However, 
superheavy mass is not desirable where D12 symmetry 
breaking occurs at the electroweak scale. We will com- 



ment more on this later in the down quark sector which 
gives the most stringent bound on the FCNC. 

D12 breaking 



The D12 symmetry is broken down to a smaller sym- 



metry generated by b, by assigning the VEVs as 
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(22) =< 

(2i) = Wu 

(23) = 2„ 
7;" /7" 



(17) 



The exact breaking pattern can be found in Appendix, 
or in Ref. [I^- Not introducing Eq. (O is equivalent to 
setting Wu = and u^ = in the mass matrix, and we 
consider only 22 vacuum and D12 is then broken down to 
Z?2 generated by a^ and ba^ , where a and b are genera- 
tors of D12 defined in Appendix. Thus, the mass matrix 
becomes 



M(«) 




(18) 



which is diagonalized by the following unitary matrix, 





Uu = 



1 1 

-— — 
1 



(19) 



Then, the mass eigenvalues appear as 

M(")2 ^ C/^(A/(")M^«)t)t/„ 

{Wu ~ ZuY 





{Wu + Zuf 

xl 



(20) 



which allow three independent mass values for the u, c, 
and t quarks. 



2. The down quark Yukawa couplings 

Calculating the down type quark Yukawa couplings in 
the same way, we obtain 



viH'^^ viH^" viHi 
M^'^^ = I yfH^f yiH[^ y^Hf 
2/2^1 viHf yfHi 



(21) 



The D12 symmetry is broken down to a D2 generated 
by ha and a^, by assigning VEVs (for Vd = 0) as 






Vd 



^-iip 



H'{ 



Id 



2/5 1 fjld \ (22) 



Wd 



(22) 



yfH^o^xa, yfHlf 



Zd 



where we choose 



: ^, the smallest angle with the 
dodeca-symmetry. Not introducing Eq. ([7]) is equivalent 
to setting u := in the mass matrix, and we obtain the 
following d quark mass matrix. 




Mid) 



which is diagonalized by the unitary matrix 

71^'* 

Ud = I -^e-^ ^ 

1 




(23) 



(24) 



Then, the diagonalized mass matrix squared becomes 

M('^)2 ^ [/](M('i)M('^)t)[/^ 

w^ + z^ — 2wdZd cos (/) 

w^ + z^ + 2wdZd cos (j) 











(25) 



Since we introduced more than one Higgs VEV to the 
down-type quark masses through H^, the FCNC prob- 
lem exists also among the down-type quarks for which 
the Ki^ — Ks mass difference gives the most stringent 
bound. For the tree level effective interaction through 
the radial Higgs p'f^^ , iP/M^)dsds + h.c, the Kl - Ks 
mass difference due to p('')° exchange is estimated as [231 > 



ArriK 



f 



M' 



-B 



fli-mK 



12 



-1 



'K 



{nis + rridY 



(26) 



M' 



-mKf, 



IB 



1 m 



where B is the bag parameter in the range ^ 
Eq. (j26p can be compared to the experimental value of 
(3.483 ± 0.066) x IQ-i^ GeV [l[. For / ~ lO^^ from 
TOs/100 GeV, we obtain MpW„ > 2.2v^(/k/A) TeV. 
If two degenerate radial Higgs of mass of order 250 GeV 
contribute to the AS* = 2 effective interaction with the 
opposite signs, then we obtain 



4f2 
M„ 



(27) 



which leads to VAA/2 < 26[%/B(/k/A)]~^ GeV. Thus, 
it seems that the FCNC problem can be resolved with a 
reasonable range of Yukawa couplings and radial Higgs 



3. The CKM matrix 

The CKM mixing matrix becomes 

c-'W2cost ie^-^/^sinl O' 



K^KM = UlUd = ze-^-^/^sinl e"^/^^ 



(28) 











Note that the (11) element of Vckm gives the Cabibbo 
angle Oc = ^ = 15° . 

Note that Arg.Det.A/, from Eqs. ([18]) and (US]) does 
not give a vanishing value. Therefore, this model if 
stopped here has the strong CP problem [231 , and there- 
fore we need to introduce a very light axion. On the other 
hand, Segre and Weldon introduced a calculable 6 model 
with an S3 permutation symmetry such that Arg.Det.A/^ 
is at tree level and remains zero up to one loop level 
Q. Even if [0] discusses the strong CP problem with 
a discrete symmetry, our model does not belong to this 
category and moreover does not belong to any discrete 
symmetry model asserting Arg. Det 
level. 



Mq == at tree 



C. The lepton sector 



The SM leptons are assigned as 



- : e- 



Li 



^^=1/- j'^^' ^^=[r' 1'-^ 



(29) 



Moreover, we introduce two kinds of right handed neu- 
trinos, (ni, 712, ns) and {Ni,N2, N3), as suggested in Ref. 
|15| . In Ref. [15|, the double seesaw mechanism has 
been employed to screen the Dirac flavor structure in the 
neutrino mass matrix, and hence the light-neutrino mass 
matrix becomes directly proportional to a heavy-neutrino 
(n) mass matrix.^ For such a screening to occur, the cou- 
pling between Li and Ni should be proportional to the 
coupling between rii and Ni. With the following renor- 
malizable Yukawa couplings 



ffpN^H'^NL' + /jf ^^iV^n-'S"^ + /):; 



("«)./^J5. 



(30) 



we can specify the required relations. The required condi- 
tion is fjj oc fjj " . Such an (almost) exact proportion- 
ality could arise in the context of GUT. Suppose Li and 
rii belong to the same multiplet of a larger gauge group, 
say, Fi, and H^^ and 5*"^ belong to the same multiplet, 
say S. Let F2 be the multiplet to which N neutrinos 
belong. Then both ffpN^H^^L-' and f^j'J"^ N^n^ S"^ 
come from the same interaction, SF1F2, with a common 
coupling constant. If the see-saw scale is at the high en- 
ergy scale so that the splitting of couplings are not so 

large, then f\j is almost the same as fjj"- 

For example, in the SU(6) GUT model [31|, one of 

right handed neutrino (n in this case) and lepton doublet 

^f 

belong to the same representation, say 6 , another right 



handed neutrino N is an SU(6) singlet and S belongs to 
6'^ representation. Then, the first two terms in Eq. ([50)1 
have the same origin, f{6^N6^). When SU(6) is broken 
down to SU(5)xU(l), splitting of the coupling / into 

f'-^ and /^" occurs, at the order of j^^T^i ^^l" °°'^' ). 
Supposing Msec saw ^ lO^^ GeV , Mgut - IQie^GeV, 
and / ^ 0(1) then the splitting effect is about 0.03, i.e. 
only 3 per cent. 

On the other hand, we can also construct a term 
15^^6*^6^ to form the Yukawa coupling. As split- 



ting 6 



M 



IM 



n occurs, we obtain various terms 



where n couples to the SM matter as well as to the 
as-yet-unobserved massive particles. Since thye Yukawa 
couling of the SM particles (in the SU(5) language, 
2/(10*^5^^5^)) should be present, it might be hard to 
prevent all these terms toward the screening in the double 
see-saw mechanism |15| . But even in this case, the cou- 
pling y could be much smaller than / since y < O(10~^), 
and the screening effects in double see-saw mechanism is 
a very good approximation. For example, the r lepton 
mass is about 1.8 GeV at electroweak scale and there- 
fore its Yukawa coupling is about 10~^. Since the RG 
equation of each Yukawa coupling is proportional to the 
Yukawa coupling itself, we expect that the correction 
from unified Yukawa coupling is small, iq:^^'0-{jj^^^) ~ 
O(10~^ — 10^"^), which means that y is still much smaller 
than the 0(1) coupling / even at the GUT scale. 

We give the following D12 assignments for the SM lep- 
tons. 






L2 
L3 



2i 
2i 



(31) 



For the heavy-neutrinos whose mass matrix is propor- 
tional to the light-neutrino mass matrix, we assign 



ni 
ni 



in2 
in2 



22 713 : 1 



++ 



(32) 



Note that we combined two Majorana neutrinos to make 
a complex field required for a doublet representation of 
D12. 

We need not specify the representation content of Ni 
if it applies to the double see-saw mechanism [1^ . 



leptons 



For charged lepton masses, we use the Higgs doublets 
presented in Eq. ([5]) . Then, the mass matrix of charged 
leptons is given by 



^ There can be other methods to hide the Hght-ncutrino Dirac 
masses as tried in Il4l . 



/y{H'o yiHi y^Hi 

AfC) = yiHi y[H'i y^H'^ 
\yiH{ yiH'^ yi,H'l 



(33) 



The Di2 symmetry is broken down to D2, generated 
by a^ and ba^, by assigning the VEVs as 



i)(2.)-.(^'), ^^(fj)(2.)=-.(;), 



y'M^xi, y{H'i=zi. 



(34) 



whieh must lead to the branching ratio less than 10 ^^ 
[i|. This requires Mp > 190 GeV for / - lO'^. 



2. Neutrinos 



Note that we introduced i/''s which are different from 
H'^'s. Not introducing Eq. ([7]) is equivalent to setting 
w = in the mass matrix, and the I-1--1- lepton and the 
2i leptons are not mixed, 



AfC) 



xi 

wi zi 
zi wi 



(35) 



The charged lepton mass squared, MiMj , is diagonalized 

by 



Ui 




(36) 



Since we introduced more than one Higgs VEV to 
the charged lepton masses, the FCNC problem exists 
among the charged leptons, e.g. for the /i — ^ e~e~e^ 
decay. For an effective interaction of /i — > e~ e~ e^ decay, 
{f'^ /Mp)eee^, the decay rate is estimated as 



r(M 



— )• e e e 



+)^ii! 



1/4 1927r3 



(37) 



In models with the screening of the Dirac flavor struc- 
ture in the neutrino mass matrix, the light neutrino mass 
matrix is assumed to be proportional to the heavy n neu- 
trino mass matrix, Af '^"^ ex Af '^"\ So the number of heavy 
Majorana neutrinos n is the same as that of the SM dou- 
blet neutrinos v. The SM singlet neutrinos n are required 
to obtain masses by the VEVs of SM singlet Higgs fields 
S. So, the dodeca-symmetry of the needed SM singlet 
Higgs fields S is 






2 ("^i" 



(38) 



If we try to complete the theory at high energy, we may 
need to consider the A'^-type neutrinos and more Higgs 
fields, singlets 5"^ and doublets H^^ , to allow the n — N 
and V — N mixing for the double seesaw mechanism. 

To forbid S to couple to charged leptons or quarks, we 
need to assign Z3 quantum number as stated. Therefore, 
S and n neutrinos have Z3 quantum number —1. 

Now, the neutrino mass matrix can be written as 



2/J25^" + 2/5"(5f 4 

y^{S^ + S^) 



ST) 



zyUST - Sn 



2/3 (^r 



y22ST - y,?(5i" + S'^") ly^S^ - S^) 
ly^iS^ - 5r) y^SS 



(39) 



r 



We require that the D12 symmetry is broken down to 
D2 generated by a^ and ba (for Vn = 0) 



-i</)/2 



gn \ 

gi 1 (2l) = W„ 

2/5 ( |I ) (24) - W„ 



n qn _ n q/n _ 

yi'-'o ~ ■''"' 2/4 '-'0 — ^" 



-i<p 



(40) 



where <j> ~ ^ x 2 . Also, taking w == 0, we obtain 



2{Zn + WnCOS<j>) -'2WnSm(j) 

M'-"'^ = \ -2wnsm<f) 2{zn - u;„cos0) | (41) 
x„ 



which is diagonalized by 



[/„ 



cos^ sin^ 



1 



(42) 



2{Zn+Wn) 

Af ('') = UlM^'^U, = I 2(z„ - Wn) 

Xn 

(43) 

The three independent neutrino masses can be fitted to 
the observed neutrino mass ratios from the neutrino os- 
cillation data. 



The PMNS matrix 



Now the PMNS matrix is calculated as 



VpMNS — f^; U,j 



cosf 


sinf 





Ti^i^i 


Tl^^^t 


1 

"72 


Tf^i^i 


7I-^f 


1 

V2 



(44) 



which is the desired bi-dodeca mixing form. The third 
column represents the bi-maximal mixing, and the other 
angles are multiples of 30°, which is the dodeca mixing. 



charges to iJ'" and iJ"". Then, the following terms sur- 
vive. 






(46) 



and terms with H'^ replaced by _ff"". The Lagrangian 
contains the following terms, 



III. SPONTANEOUS BREAKING OF D12 

The vacuum choices of Sec. |TT] for desired quark and 
lepton mixing angles must be consistent with the Higgs 
potential. Couplings between Higgs and their complex 
conjugates are restricted by SU{2)l x U{1)y x U{l)r x 
Z3 X D12 where t/(l)r is the PQ symmetry and Z3 is the 
leptonic one discussed below Eq. ^. For example, by 
the U{1)y symmetry, HuHd and {HuHl){HlHd) are al- 
lowed, whereas (iJ„_ff^)^ is forbidden. In this section, we 
study how Higgs potential could be minimized and sug- 
gest what other symmetry is needed toward the vacuum 
choice of Sec. [Hi 

In Higgs potential, the most problematic terms are 
those containing D12 doublets H"^, S", and S"", which 
have non-trivial phases so that we have to verify whether 
our phase choice is not spoiled. By imposing another 
symmetry such as the PQ symmetry or a Z2 symmetry, 
we can forbid the unwanted terms. We show how this 
possibility is realized for D12 doublets. The potential 
containing D12 singlets can be treated in the same way. 

For D12 doublets Hs and H's, we need to know the 
tensor products which can be found in Appendix. 

For example, consider the tree level Higgs potential 
made of D12 doublets. For the quartic tensor products, 
the following terms are allowed. 



{H"'H"'){H"^H"^), (i7'"iJ'")(iJ'"ti7'"t) 

(iJ'"iJ'")(iJ'"tiJ"^), {H"^H"^){H"^^H"^'') 

{H"^H"^){H"^^H'^), (iJ'"i7''')(i/'"tiJ"^t) 

(i7'"iJ"^)(i7'"tff'"), (iJ'«iJ"^)(iJ"^t^'d) 

{H"^^H'^){H'^''H"^), {H"'H"^){H'^H"^) 
(iJ'"tiy'")(iJ'«tiy'")^ (iJ"'t^'d)(^'dt^'d) 



(45) 



and their Hcrmitian conjugates. Suppose we introduce 
the PQ charge +1 to both iJ'" and H"^. if'" might 
be replaced by _ff"", but in this case the term such 
as {H'J H^){H'J H'j^) + h.c. do not minimize our vacuum 
phase choice. For both iJ'" and 7J"" not to appear in 
the same tree level quartic terms, we assign different PQ 



nu\1\ ttIIu\2 



\H{ I \-L±2 



lifri^ + li?,"!"* 



//Ml 4 



ld\2\ TTld\2 



{\H[ 
{\H'{ 



/Ml 2 
1 I " 

/d|2 



\H[r\H.. 

-\H'2-?f. 

Id\2\2 



1 

^//M|4 

\H[r 

/Ml 2 



\H. 



\H. 



\H: 



{H[''H'{'){H'^^H[^^) 



lu'i TjIdU 



, (lij^^p 



\H: 



ld\4 
2 I 

,M|2)2 
/d|2\2 



2 ^■'2 )(^2 



/ut rr'dt 



m 



{H'^H'f){H'^^H[^^) + {H["H;,''){H["^H'^ 



//Mf H-/rft\ 









{H'i 



HT 



){H'2^H[' 



{H'2'' 



^//M-)(^//«T^/d) + {H[ 



'dt 
1 

/df 
1 

lid] 



hT){hT^ 



m 



Id 



iH'2 



/(it 



H^ 



|^,„|2 



)iHr'H^') 



Jid] 



^/«T^//M)(^/MT^,, 



'MJ TTid 



\H: 



/M I 2 \ 



2 1 ){\m 



ld\2 



\m 



//Ml 2 



\H: 



//Ml 2 



llu\2 



ld\2 






ld\2 



(^//«T^//uy. ^ (^-"T^//M) 



ld\2 
2 I 

llu\2 



(47) 



Our phase choice of VEVs in Subsec. Ill Al must be consis- 
tent with the above potential. To investigate it in more 
detail, we pay attention to the last two terms. The other 
terms are not introducing phases. Let Si and 62 be phases 
of H'l" and H2" , respectively. For Hermiticity and D12 
invariance, the coupling constant should be real. The last 
term depends on phases through 



cos(2(,5i - S2)) 



(48) 



and our vacuum choice 61 ~ 82 = minimize it pro- 
vided the coupling constant is negative. It is worth to 
note here that, if at least one of two D12 Higgs doublets 
were in the same representation, it is very hard to mini- 
mize the potential toward the desired vacuum property. 
For example, suppose that both iJ'" and H"^ are in the 
same representation. In this case, the following terms are 
allowed. 



'"t Tj'dU 



{H'^'H'2^){H'^'H'; 



(49) 



For the invariance under the generator h of /?i2, the over- 
all coefficient must be real. Let a", a2, af, Q^ be the 



and H'^ 



phases of Higgs VEV of H'^, H^, h["-, and ^^2" ' respec- 
tively. So, this quartic term has the phase dependence 
cos(q" — af — af + 012) and our vacuum choice does not 
minimize it. 

The quadratic terms allowed by gauge and PQ sym- 
metries are, viz. Eq. (j4|. 



Jj'u^Jj'u 



/fU-\ Tj'fU 



ff"uijj. 



jj/dijjjid 



and their Hermitian conjugates. D12 singlets are 



m 



/Ml 2 



\H'; 



nu\2 



\H- 



ld\2 



|^/«|2 

■\H: 



2 I > 

//Ml 2 

'2 I 
r/d|2 



(50) 



(51) 



These quadratic terms may introduce negative mass 
squared toward achieving the VEVs of neutral members 
of the Higgs doublets. 

The forbidden terms at tree level can appear integrat- 
ing out heavy fields whose VEVs possibly break the as- 
sumed symmetries. These could be used to explain the 
vacuum choice oiH"^ and therefore explains how D12 can 
be the flavor symmetry. For example, consider the quar- 
tic terms made of D12 doublet Higgs without conjugate 
(or starred) fields. Then, wc have 

1++ : {H'^H['){H[^H'2^), {H["Hf}(H^"H!/) (52) 



/u zjfd\2 



[H'^H- 



I'a TTld\2 



{myH'2^) 



I'a TTld\2 



1_+ : {H'^H^y - (i/r^2 ) 









id\ 



(i/^"i/f)(i/f'ijf) 



(53) 



(54) 



(55) 



(56) 



Note that the term given in Eq. ([52|) is forbidden by the 
PQ symmetry of Table HI 

Let us introduce a D12 doublet 24 which is denoted as 
a SM singlet scalar <I>, 



$ = 



$1 
$2 



(57) 



Using <&, the allowed quartic couplings are obtained. In 
addition, we note 

• The dimension- 5 D12 allowed couplings are 
A[$I {H'^H[^) {H'^H[^) + $1 {H[''H!f)iH!^"H!f)] (58) 



• The dimension-6 D12 allowed couplings are 

Cl$I$^(iJ2"ff('')(^r^2'') + C2*l«'2(^["^('^)(^2"^2'') 

+ CM'iHTH[^)iKH[^) + <^f{H[^H'2^){H'2^H'2% 

(59) 

Here, 2g is shown to be equivalent to 24 by applying a 
D12 transformation b of Eq. ([8T|) 



1 

1 



Xl 
X2 



(28) 



(60) 



Operators with dimension more than 7 are highly sup- 
pressed and hence they can be ignored. All effective 
quartic terms coupling to $ do not give the vacuum dis- 
cussed in Sec. |TT1 The terms except those discussed in 
Sec. In] must be forbidden by some symmetry or at least 
highly suppressed. For example, if wc choose the VEV 
of $ as 4=(exp(— i27r/3), 1)"^, only the dimension-5 op- 
erator is independent of the phase choices given in Eqs. 
([TT]) and (P^ . However, this vacuum choice at this stage 
is dangerous as discussed before. To forbid Eq. ([58)) . we 
introduce a Z2 symmetry: $—>■—$. With this discrete 
symmetry, a dimension-6 operator of the form 



($? + $3)($f ^$t3) 



(61) 



is not forbidden. Moreover, this term favors the direction 
which makes ($f) + ($2) = 0- With this dimension 6 
potential, our vacuum choice is not the minimum. 

Since dimension-5 operators are forbidden, wc may 
choose an alternate direction $ ex ^(1, exp(— Itt/B))''". 



Then, our vacuum choice of Sec. [H] corrsponds to the 
minimum. 

The fact that $ has a VEV with phase could af- 
fect the phase of Yukawa coupling very much by the 
higher order corrections. This correction is tiny, of or- 
der of 10~^, possibly contributing to the Cabibbo an- 
gle correction from 15° to a smaller one. Due to the 
symmetries of our model, the largest contribution is 
$t(|) = $|(f>i + $2*^2, which is independent of the phase; 
therefore it does not affect the mixing angle at all. 
The correction to Yukawa coupling can be written as 
H'"Qd'={l + ^ + (dimension 8 operators)}. The ef- 
fects of dimension 7 operator is of order 10"'^ compared 
to the tree level value. Moreover, with SUSY even $^'<I> 
does not appear by holomorphy and Z2 symmetry, and 
hence the $ effects is even smaller. 

Since Arg.Det.Mg is nonzero at the required vacuum as 
commented in Subsubsec. IHB 3[ we need a PQ symmetry 
to have a strong CP solution. Since our discussion on 
the dodeca-symmctry is at the clcctroweak scale, the PQ 
symmetry U(l)r must be manifest at a high energy scale 
of the axion window. To confine to the axion window, 
the model-independent axion [32l may not be useful as 
commented for example in [33[. So, with the electroweak 
dodeca-symmetry the very light axions with the decay 
constant in the axion window of 10^°~^^ GeV may be a 
possibility toward the strong CP solution [3J, |35| . 
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H'^ 



$ 



$t 



H'^ 



Xi 



Xo 



H[^ 



H!f 



FIG. 1: The Feynman diagram leading to the (" term of ([59 



A. A detailed high energy model 

Therefore, to forbid dimension- 5 operator, consider the 
following Di2 representations, and in addition the U{l)r 
PQ charges and Z2 assignments of Table HI 



Fields 


H'" 


H"" 


H'" 


X 


$ 


D12 


2i 


23 


22 


23 


24 


r 


+ 1 


+2 


+1 


-2 


+2 


Z2 


+ 


+ 


+ 


+ 


- 



TABLE I: The PQ charges of some Higgs fields 

Suppose X is much heavier than the Higgs H' and $. 
By the U(l)r and the Z2 invariance, the only allowed 
renormalizable interactions except for the self interac- 
tions or Higgs-Higgs interactions (which are responsible 
for determining the magnitude of VEVs) are 



XH^'H"^ and ^'^X'^ 



(62) 



a disparity in the masses within a D12 doublet as shown 
in Fig. [21 Second, some explicit D12 symmetry breaking 
terms such as Ai(i = 1, • • • , 4) terms of Eq. ([58]) can be 
present in the Lagrangian. 

In this section, we estimate the magnitude of D12 
breaking by Fig. [2] and then introduce phenomenolog- 
ically needed D12 breaking terms to fill the vanishing 
entries of the leading Vckm and T^mns and to shift 6c- 
Next we argue how these D12 breaking terms can arise 
from a more fundamental principle. With this scheme, 
we argue that the shift of Oq and V2™^ are of the same 
order while T^i^'l^^ need to be a bit more suppressed, and 
then estimate the magnitude of Vj^'^'^^ . 

For the quantum correction, different quark masses 
cause the symmetry breaking. Consider, for example, 
the up quark sector. The Higgs VEVs, and equivalently 
the Higgs masses are corrected by fermion loops. Among 
Higgs fields in our model, H'^ just scales z and does 
not affect the diagonalizing unitary matrix. iJ(" couples 
only to one fermion, and so does H'^ . Their loop correc- 
tions makes the w entries of mass matrix elements (11) 
and (22) different. As done in the electroweak SU(2) 
breaking by the disparity of t and h quark masses [3f 
the fermion one-loop correction is given by. 



''Higgs 



Nc\y\ 

87r2 



k' 



A2 ■ 
3to ln( — -) 



(65) 



where m is the mass of the fermion in the loop of Fig. [2] 
It corresponds to the c quark for H'^ and to the u quark 
for H'^ . Since each quark mass is very small compared 
to the Higgs VEVs, such corrections do not affect the 
change of the mixing angles very much. Comparing the 
Higgs VEVs and the fermion masses, with A ^ v Higgs , 
we estimate 



In terms of the component fields, these become 

XiHl^^'H'^ + X2H[^H[^ and AiX2$i$2- (63) 

In this case, the following effective interactions are al- 
lowed at the tree level. 



(22) 



"(11) 



Nr. 



V 



Higgs 



[ml ~ ml) 



A2 A2 

+ 3 ( ™cln(^) - "i«lii(^) 
mf. mt 



(66) 



< 0.002 



^\^\(H[^H[^){H'^H'^^) 



(64) 



which are shown in Fig. [T] 

In this model, choosing the VEV of $ as (1, e"*'^/'^)-^, 
we obtain the desired vacuum allowing the C, term of ([55]) . 
Note that Z2 plays an important role in prohibiting the 
unwanted terms, e.g. all terms in (|58p . 



IV. VIOLATION OF D12: SHIFT OF Oc AND 
GENERATION OF SMALL ANGLES 

The violation of the D12 symmetry can arise from a 
few sources. Firstly, the D12 symmetry can be broken by 



which is very small. 

Therefore, we have to consider the explicit breaking 
terms, to shift 6c by 2°. In general, a unitary 3x3 
matrix can be represented by three Euler angles and a 
phase, 



C12 S12 
-S12 C12 



1 


\ 


/ 


Cl3 


S13C 





C23 S23 




1 








-S23 C23 / 


\- 


-si3e'* 


cu 








1 

(67) 



For the CKM angles, 6)^^^^^ is of order 0.04 which must 
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FIG. 2: The Feynman diagrams leading to the violation of 
the dodeca-symmetry of the H'^ doublet through loops for 
i = 1 or 2. Here, u = ui and c = U2- 



be generated at the next level. If t/„ is given by 

1 1 „ \ / 

2x2 unitary 
matrix 
1 





From VcKM — UlUd, the third matrix gives 623 and the 
second matrix gives a correction to the Cabibbo angle. 

For the lepton sector, 



Ui 



gives a nonzero ^13 from Vj 




(69) 



PAINS 



u}u,. 



Let us present these corrections with the following ex- 
plicit D12 breaking terms. 



Then, we obtain 



VlH'^^){uL+CL)tR]+h.C. 



(70) 



(68) 



M(") 



which can be diagonalizcd by 



z„(l - ici) 



2„(1 + iei) 
-ie2{xu ~ Zu~Wu 



i^2{xu - z^ 
i^iyXu ~ z^ 

Xu 



W,, 



(71) 



Uu = 



L J_ 







1 



2 

V 



-i 
1 



/l 




\0 V2< 



£2 











V2, 



£2 




(72) 



For El ~ 0.07, the shift of 9c is about ^ = 0.035 ^ sin2°, it gives rise to the needed correction of the Cabibbo angle: 
15° -)■ 13°. For \/2e2 ~ 0.04, \Vcb\ is obtained at the observed value 4.12 x 10"^ Q. The entire form of the CKM 
matrix is 



VcKM 



ie *'^/^cosa; 

— e~*'^/^sinx 
/2g e-^'^/^sij^j. 



gi0/2 



smx 



cosx 



j\/2i 



e2C" 



■ cosx 




+ O(e?o) 



(73) 



where x = ^ — sin ^. This CKM matrix is an interesting one since V^ is much smaller than £2 due to the small 
value of sin a;. A next order breaking term will generate a still smaller V^^^ and the form ([75)) is phenomenologically 



a useful one 2J]. The phase redefinition of quarks with diag(exp(i0/2),cxp(i(/)/2), 1) or other symmetry breaking 
interaction could be used to obtain the form more close to the observed CKM matrix. 
Similarly for the lepton sector, a D12 violating term 



e{~y[H'„ + yin;,' + yfH!,')eLifiR + tr) + h. 



(74) 



gives the following the lepton mass matrix 



mW 



/ 


Xl 




u- 


-Xl +W1+Z1) 


7f(- 


-Xl -\-wi+ Zl) 


72(- 


-Xl + 


Wl + Zl) 




Wl 




Zl 


\M~ 


-Xl + 


Wl +Zi) 




Zl 




Wl J 



(75) 



which is diagonahzed by 



Ui 



1 
^ ^ 

L- J- 




In this case, the PMNS matrix is given by 

T^PMNS — UiUu ~ 

V 



12 




(76) 



)S- + -£=sing, 


^"^i ~ 75^°^ 6' 


~^ 


-Tf^i^t' 


^cos5, 


1 

V2 


^sinf+ecosf, 


Tfcosf +esinf, 


1 

71 



+ 0(6^). 



(77) 



from which we notice that 6*™^^ 



- -^ which is of or- 

V2 



dcr e. One way of constructing such a D12 violating term 
is to introduce very heavy particles coupled to the Higgs. 
For example, the Cabbibo angle shifting ei term implies 

the existence of 1 field from the relative minus sign 

between UlCr and clu^i. For £2 in the quark sector and 
e in the lepton sector, 2i fields with the VEVs propor- 
tional to x—z — w were introduced, iIiHq —y^H'^ — yc^H!^ 
and yiHl^ - y4H[} - y^^H!j in ^ and dTJ), respectively. 
But it is unclear how these VEVs could be fine-tuned up 
to this order of e^ . 



V. CONCLUSION 

In this paper, we studied the discrete symmetry D12 
at the electrowcak scale to fix the quark and lepton mix- 
ing angles. A full symmetry we discussed beyond the SM 
gauge group is D12 xU(l)r x Z3 x ^2 where U(l)r is a PQ 
symmetry. The Cabibbo angle is known to be small as 
schematically presented in Eq. ^. The philosophy for 
obtaining this small angle is a la BHL where the phase 
angles are represented as multiples of 360°/ (integer). At 
the leading order, the Cabbibo angle Bq is 15° whence 
(integer) is chosen as 24. This is possible with a dodeca- 
symmetry, using the half angle formula of the cosine func- 
tion. Of course, the entries of the PMNS matrix has 
phase angles which are multiples of 15°, leading to the 
Solar- neutrino angle 9so\ ~ 30° and 6'^,- = 45°. Thus, 
there results the relation 6*501 + 9c — 45°. The resulting 
electroweak scale quark masses at the vacuum we chose 
has a non-vanishing Arg.Det.M^ and there is a need to 
solve the strong CP problem by a PQ symmetry bro- 
ken at the axion window [29| since the other possibility 
77i„ = is ruled out by Manohar and Sachrajda in Ref. 
[l|. Out of discrete vacua, a certain vacuum is chosen 
for this assignment to be consistent with the dodeca- 
symmetry. We also argued for a small breaking of the 
dodeca-symmetry to shift our leading term of 9c = 15° to 
the observed value of 13.14° and to generate the small but 
nonzero values of 6*2^3^^^ and 6*3^^'^, and the smaller val- 
ues of 6*^3^'^ and 6*3^^'^. This small next order breaking 



of the dodeca-symmetry also generates a small nonzero 
value of 0^3^™^^ 

The PMNS dodeca-form we presented here can be as 
attractive and phenomenologically successful as the much 
discussed tri-bimaximal form. 



Acknowledgments 

This work is supported in part by the National Re- 
search Foundation (NRF) grant funded by the Korean 
Government (MEST) (No. 2005-0093841), and MS is 
supported in addition by Grant No. KRF-2008-313- 
C00162 and the FPRD of the BK21 program. 

Appendix: A review of D2N symmetry 

The dihedral group D2N represents the symmetry of a 
regular polygon of 2N sides. Its properties are: 

1. It is isomorphic to Z2N xi Z2 (cyclic rotation + re- 
flection) . 

2. It is generated by two generators a and 6, 



a : (a;i,X2,--- ,X2n) ~> {x2N,xi, 
b : (a;i,X2,--- ,X2n) -> ixi,X2N, 



,X2N-l) 



which satisfies 

2N 

a — t 



hah - 



3. Its irreducible representations are 

Four singlets : 1++, 1--, In , 1 1- 

(iV - 1) - doublets : 2k{k = 1, • • • ,iV - 1) 



(78) 



(79) 



(80) 



For a (complex) 2^ doublet basis, a and 6 are rep- 
resented by 



^2iTik/2N n 

Q ^-2TTik/2N 




(81) 



For a (complex) 1^ singlet basis, i is the eigenvalue 
of h and j is the eigenvalue of ah. 



4. Tensor products satisfy the following. 

• Singlet times singlet multiplication, 

1 V 1 / / — 1 /, // 

-"-5152 ^ '''l'^2 ^1^2 

where s'( = sis[ and Sj = 52^2 ■ 

• Singlet times doublet multiplication, 



H(i++) X P'M (2,) = r^^M (2fe), H(i_ 



2^2 



wa;2 



(a) For k + k' ^ N and k-k' ^ 0, 



H(l+-) X 



X2 



(2fe) 



13 



\ X2 



WXl 



(84) 



(82) 



where the boldface symbols inside the brackets 
show the D2N representations. 



Xl 
X2 



(83), 



J • UJeTOigt^imes 



doublet multiplication. 



Xl 
X2 



(2..) X r M (2fe, 
(b) For k + k' = N and k-k' =^0 , 



xiyi 

X2y2 



(2fc+feO + 



xiy2 
X2yi 



(2fc_fc'). 



(85) 



"^1 I (2,) X M'M (2feO = (xijyi + .X2y2)(l+-) + (xiyi ~ X2y2){l-+) + ""'^^ (2^^^.) (86) 



\ 3^2 / \y^ , 

(c) For k + k' y^ N and fc — fc' = , (which will be frequently used) 



a^2yi 



X2 



{2k) X 



2/1 

2/2 



{2k') = {xiy2 + X2yi){l++) + {xiy2 ~ X2yi){l — ) + 



(d) For fc + fc' = A^ and fc - fc' = 



xiyi 

2^22/2 



{2k+k')- 



(87) 



^^ (2fc)x y^ ]{2k')={xiy2 + X2yi){l++) + {xiy2-x2yi){l^^) 

X2 J \V^ J 

+ {xiyi + a;2y2)(l+-) + {xiyi - X2y2){'^-+)- 
I 



The symmetry breaking of D2N has been extensively 
discussed in Ref. [l7[. The spontaneous symmetry is 
usually achieved by giving VEVs to Higgs scalar fields. 
For a D2N doublet, the VEV is chosen as 



{H{2u)) 



- fcrn 



1 



(89) 



Note that {H{2k)) is the eigenvector of 6a™ with eigen- 
value 1, and hence it is still invariant under the action 
of &a™. Therefore, by the VEV of Eq. §^ D2N is bro- 
ken down to the smaller group generated by 6a"'. Since 
{hoT^)^ ~ 1, the remaining group should have a subgroup 
Z2 generated by 6a™. The symmetry breaking pattern 
for this vacuum choice is as follows: 



• When j divides 27V (m = 0, 1, 
broken down to 
2 



27V 
3 



1), D2N is 



D2N^Dj = {a'''I^Mn- (90) 

Note that a^^/-? generates Zj since (a^^/^)-' = 1. 



Therefore, the group generated by a^^/-', 6a™ is 
Zj X Z2 = Dj. 

• When i does not divide 2A^ (m = 0, 1, • • • , 27V- 1), 
D2N is broken down to 



D 



2N 



Z2 = (6a" 



(91) 



• A successive application of doublet VEVs lead to 
(a) When k divides j with mj = rrik-, 



Do 



^ D. ^ D, 



■'2N > J^j > J^k- 

(b) When k does not divide j with nij = rrik , 



D2N — > Dj — '-> Z2- 



(92) 



(93) 



Of course, one can choose an arbitrary value for the VEV, 
and Ref [i3| lists all the possible symmetry breaking pat- 
terns and the resulting subgroups. 
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